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AMPLIFICATION OF STRESSES IN THIN LIGAMENTS
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Abstract—Stress concentration effects are greatly amplified when cavities approach another bound-
ary and thin ligaments develop. It is shown on the basis of specific solutions that the amplification
effect depends not only on the adjacent boundaries forming the ligament, but also on the type of
loading, and even on the presence of other far boundaries, when they affect significantly the force
and moment transmitted by the ligament.

The goal of theory of elasticity may be to calculate stresses in a piece of material, but one
of its aims is also to predict where, how and when something bad, be it through plastic flow
or rupture, starts to happen in the material as the intensity of loading is increased. One
never-proven conjecture is that the most severe stress conditions occur at the surface. This
vague idea is in some sense confirmed by most known solutions and is the raison d'étre of
experimental stress analysis when it relies on measuring surface deformations by use of strain
gages, optical techniques or other means. The surface is also the most vulnerable part of
the material because the likelihood of flaws is much higher near the surface than further
inside, This makes the clastic interaction of cavitics, cracks, inclusions and inhomogencitics
with a free surface a problem of interest, and there are numerous publications addressing
the various phenomena involved. We explore in this note one aspect of such propositions
by concentrating on the ncar interaction with circular cavities and inclusions.

The geometry of a circular boundury near a free surface is natural for bipolar coor-
dinates. The basic formulation of plane elasticity in this coordinate system was given by
Jeffery (1920). Jeffery also solved several specific boundary value problems, but apparently
made a calculation mistake in dealing with a cavity near a free surface when the far field
loading is uniform tension parallel to the free surface (see Fig. | for the geometry of the

Fig. |. Geometry and the notation used.
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problems discussed in this note). This error was detected and corrected by Mindlin (1948).
The Mindlin paper (see his Fig. 10) shows the following behavior of the hoop stresses at
the points marked A, Band Cin Fig. |:

(1) Furst, for very large J = 4 R,

ot =06,(0.0) =T {1
6® =0, (h0) - 3T (2)
6¢ = a,,(h+2R.0) - 3T. (3
where
T=0{v.+x) 4

specifies the intensity of loading. These limits simply confirm the results of the Kirsch
solution (Timoshenko and Goodier. 1970, p. 90) for a circular cavity in a field of uniform
tension.

(2) In the other extreme, or as { = #/R — 0. his Fig. 10 shows that

ot =0 (3)
o = % {6)
ot = 4T (7)

which indicates that. upon increasing the applied load T, fracture would have the tendency
to start from the cavity at B and propagate toward the free surface.

The Jeffery-Mindlin solution is in the form of an infinite serics, but Mindlin was able
to extract the total foree transmitted by the neck, or the section AB between the free surface
and the circular cavity. The result from his egn (33) is in the present notation:

I
P = f 6, (.0 dy = Th' *2R+Iy' . (8)
{

3

A remarkable result in the Mindlin paper is also that it is possible to give a geometric
construction that yields the force P in terms of the applied tractions T (sce the puaragraph
below his eqn (35)). Mindlin did not compute the bending moment in the ligament, but in
view of his other paper (Mindlin. 1940} dealing with the tunnel problem in bipolar coor-
dinates, it should be possible to do so in closed form.

Equation (8) reveals the following: the foree transmitted by the neck vanishes as the
cavity approaches the free surface, or when ¢ =4 R — 0. However, the foree does not
vanish fast enough, and the average stress Piii becomes unbounded. This explains (6),
whereas (5) is a special feature of the specific solution. When /is very small in comparison
to R, the thin ligament of material acts like a beam with the cross-scction AB transmitting
the axial force P and a bending moment M. Using the same reasoning as employed in
strength of materials, it follows then from (5) and (8) that the asymptotic values for { — 0
are

P~ J2TR:': 9
M~ (J26) TR (10)
o ~ 2 J/2TC T+ 0, (n

where
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h
M= j (x-_lh)a).v(x.O) dx. (12)
[$]

It is seen that the bending of the ligament is in a direction that makes the free surface
concave.

The reciprocal square root dependence of ¢® on { = & R was first noted by Duan et
al. (1986). The series in the Jeffery-Mindlin solution do not converge uniformly in the
vicinity of { = 0, and it is a challenge to extract (11) directly from the series by purely
mathematical means. It was shown by Callias and Markenscoff (1989) that this is a problem
requiring singular asymptotics. Their analysis confirms (11). also showing that the second
term in the asymptotic expansion is of order one. It may be noted that the reciprocal square
root dependence shows up also in the interaction of two nearby cavities when the loading
is in the direction of the ligament. Again. this was first noted by Duan et al. (1986) and
later elaborated upon by Zimmerman (1988). However. there is some disagreement in the
multiplier of { "'~ between the two papers, and a mathematical analysis using singular
asymptotics to establish the multiplier precisely is still missing.

The reciprocal square root dependence in (11) casts a mystique upon the result since
it resembles the stress singularity of a Griffith crack. A question then might be whether it
is a universal law for the gecometry shown in Fig. | when the cavity approaches the free
surface, similarly to the singularity of a crack which s a universal relation.

This question can immediately be answered in the negative by using another solution
worked out by Jeffery (1920). or specifically when the foading is uniform pressure p inside
the cavity. This solution is in closed form, and can also be written in terms of clementary
biharmonic functions without recourse to bipolar coordinates (Dundurs and Ely, 1965).
The key stresses are then

A 4p

gt = 13
R+ (3
' =0c"=p (14)
for all {. The counterparts of (9) (1) as { — 0 are now
P ~pR (15)
M~ —(1/6)pR*¢ (16)
o ~2pl '+ O(1). (17)

The bending of the ligament is opposite to that in the previous case, and the free surface
is convex. In contrast to the previous case. (17) indicates that fracture for the pressurized
hole would have the tendency to start at the free surfuce. It may also be noted that there is
no essential difference between the pressurized hole and the case when the hole is free of
tractions, but the loading is biaxial tension applied both at infinity and on the straight
boundary.

Compurison of (17) with (11) shows that the manner in which the stresses in the
ligament tend to infinity, as the cavity approaches the free surface, depends entirely on the
imposed loading.

Consider next the situation when the circular region of radius R in Fig | is filled with
material that undergoes thermal expansion. When the material inside R has different elastic
constants (inhomogeneity, in the terminology of Eshelby). the problem requires bipolar
coordinates. If, however, the elustic constants are the same (inclusion, according to Eshelby),
the problem can be solved without recourse to a special coordinate system, because the
surrounding material then simply feels a center of dilatation at x = R+ (see the paper by
Guell and Dundurs (1967) for an explanation in the case of a spherical inclusion). The
solution is in closed form and yields
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4p

‘\ — A

(1) (18)
Ap(L+ N+ +20°

O-B — ,g‘(,gA "lv-fli - ') . (19)

(+2)°

valid for all { = #/R. Here p denotes the pressure that the expanding inclusion would exert
on the surrounding material if the latter were infinitely extended. The asymptotic limits for
{ — 0 are now

c* =a® ~d4p+0() (20)

showing that stresses remain finite no matter how thin the ligament. In the infinitely
extended material, there is no difference between an expanding inclusion and a pressurized
cavity. Comparison of (20) with (14) and (17) shows that this is not so in the presence of
a free surface, and that the behavior is entirely different. [t may be of interest to note further
that (20) is also valid for an expanding spherical inclusion near a free surface if 4p is
replaced by 4(1 +v)p. where v stands for Poisson’s ratio (Wachtman and Dundurs, 1971).,

Apparently the important factor is how the geometry and loading interact. and specifi-
cally what is the force and moment transmitted by the thin ligament. The amplification can
be scen to be further exacerbated in comparison with the Jeffery-Mindlin problem by
considering a central cavity in a strip loaded in tenston : if the width of the strip is 2(R+ h),
the force transmitted by cach ligament is T(R+h). While in the Jeffery -Mindlin problem
the force through the ligament vanishes as the width of the ligament goes to zero, in the
strip problem the force transmitted through the liganment remains finite, and the rate of
amplification in the two problems is very difterent. The solution to the strip problem was
given by Howland (1930). but the results are virtually intractable for small {. However,
Koiter (1957) was able to extract the stresses in the hgament using beam theory. His results
for { — 0 arc

where T is the uniform tensile stress in the strip far away trom the hole. Comparison of
(22) with (11) shows that the second straight boundary changes the behavior completely.

Finally we touch upon the related issue of two interacting cracks. Some insight into
such problems can be gained immediately by considering the simplest possible case of two
collinear cracks of equal length in a field of uniform tension. The cracks occupy the intervals
(—h. —a) and (a, b) on the x-axis, and the far ficld loading is ¢, (x. £ %) = 7. This
problem was solved by Sadowsky (1956). Sadowsky also gave an explicit expression for the
normal stresses transmitted by the neck between the two cracks:

B(EK) — x° ,
g,.(x.0) T(a:-,\':)":(bl—.\‘:)' .o lxl <, (23)

where K" and £’ are complete elliptic integrals of the first and sccond kind to the modulus
K, with k" = (1 =k%)"? and k = a/b.
First we estimate asymptotically the force transmitted by the neck

pP= J o, (x.0) dx (24

as a — 0. Noting that
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K

log 4
Jlogd o (25)

for k — 0 (Whittaker and Watson, 1958, p. 521), the result is

nTh
~ 26
P log (4b/a) (26)
This shows that the force goes weakly to zero.
From (23):
b*(E'IK)—a’ 1
Ha”.0) = TR T 5. 27
7 T L i L @)
Fora =0,
Th 1
o,.(a".0) ~ (28)

(2a)' * log (4b/a) (a—x)"*’
which shows that the stress intensity factor increases slightly slower than a2,

The stress itself at a generic point in the neck has a different rate of increase. For
simplicity take the midpoint between the two cracks (v = 0). Then fora - 0,

Th

o~ 3
7.(0.0) alog (4h/a)’ 29

showing that stresses inside the neck increase at a slightly slower rate thana ', By comparing
(29) with the { V2 singularity for the problem of two cavities in a tension ficld and the { !
singularity for a pressurized cavity near a free boundary as discussed previously, it is seen
that the cracks have nearly the same behavior as pressurized cavities, This should not be
surprising, since there is no essential dilference between a crack in a tension ficld, and a
crack that is loaded by pressure applied to its faces.

The following conclusions emerge now from the specific cases considered @ the stress
concentration effects become strongly amplified as the geometries involved tend to become
singular. The amplification depends not only on the geometries of the adjacent boundaries
forming a ligament in the limit, but also on the loading conditions and even on other far
boundaries, when they affect significantly the force and moment transmitted by the neck
of the ligament.
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